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This paper presents a computational study of the critical buckling pressure of pumpkin balloons, which consist of a
thin, compliant membrane constrained by stiﬀ meridional tendons. The n-fold symmetric shape of a pumpkin balloon with
n identical lobes is exploited by adopting a symmetry-adapted coordinate system, which leads to the tangent stiﬀness
matrix in an eﬃcient block-diagonal form; the smallest eigenvalue of a particular block leads to the buckling pressure
for the balloon. Two diﬀerent types of balloon design are considered. Extensive results are obtained for the buckling pres-
sures of a set of 10 m diameter experimental balloons and also for an 80 m diameter ﬂight balloon. The key ﬁndings are as
follows: the same type of buckling mode, forming four circumferential waves is critical for most of the balloons that have
been analysed; balloons with ﬂatter lobes are more stable, and the buckling pressure varies with an inverse power-law of
the number of lobes; increasing the Young’s modulus, the Poisson’s ratio of the membrane, or the diameter of the end
ﬁtting has the eﬀect of increasing the buckling pressure; but increasing the axial stiﬀness of the tendons has the eﬀect of
decreasing the buckling pressure.
 2007 Elsevier Ltd. All rights reserved.
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The beginning of modern scientiﬁc ballooning dates back to the early 1950’s with the advent of the ﬁrst
zero-pressure balloons made out of polyethylene ﬁlm. These balloons resemble hot-air balloons, which have
an opening at the bottom, where the internal and external pressures are equalized. However, zero-pressure
balloons are not able to keep a constant altitude because the volume of the balloon is allowed to expand
and contract, as the gas inside the balloon is heated and cooled during the day–night cycle. In order to keep
the volume constant a closed envelope is required, and the day-time diﬀerential pressure has to be set suﬃ-
ciently high that at night the balloon is still fully pressurized.
Pumpkin balloons are a way of providing such a closed envelope while still using thin plastic ﬁlms (Smith
and Rainwater, 2004). They were ﬁrst considered in 1919 (Taylor, 1963) during a study of the shapes of para-
chutes, Fig. 1. Due to the high transverse curvature of the lobes, the stresses induced even by high pressures0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.03.021
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Nomenclature
Em Young’s modulus of ﬁlm
EtA axial stiﬀness of tendon
f nodal force vector
K stiﬀness matrix
Ksup stiﬀness matrix for lobe superelement
n number of lobes of balloon
p pressure
pcrit buckling pressure
r radius of curvature of lobe
R rotation matrix
T symmetry transformation matrix
u,v local coordinate system for lobe cross-section
u nodal displacement vector
w chord length
W arc length
x,y radial and vertical coordinates for tendon
x0 radius of curvature of tendon at equator
a angle subtended by lobe
g non-dimensional curvilinear coordinate along tendon
m Poisson’s ratio of ﬁlm
n integration variable
q radius of curvature of tendon
rl,rt longitudinal and transverse stress in a lobe
r1,r2 major and minor principal stresses
Acronyms
CA constant angle
CR constant radius
dof degrees of freedom
ULDB ultra long duration balloon
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been found to be potentially unstable.
The ﬁrst large scale pumpkin balloon was constructed in 1984 by J. Nott, to circumnavigate the world.
When ﬁrst inﬂated, several lobes of Nott’s 64 lobe Endeavour balloon remained hidden inside the balloon,
which hence took an unexpected non-symmetrical shape. This shape remained substantially unchanged at
higher pressure, Fig. 2. Removal of two lobes diminished, but did not eliminate, the asymmetry and ﬁnally
the removal of a total of four lobes led to a symmetrical shape. See Calladine (1988) and Nott (2004) for a
fuller account.
Calladine (1988) explained this behaviour by showing that the volume enclosed by a lobed balloon whose
lobe cross-sections subtend a constant angle increases – if the number of lobes and the bulge formed by the lobes
are suﬃciently large – for certain small-amplitude inextensional deformations of the balloon. Later, Lennon
and Pellegrino (2000) showed that – again for inextensional deformation modes – the volume enclosed by a
constant lobe radius balloon decreases for small amplitude deformations but increases for suﬃciently large
deformations. However, both of these studies assumed a particular type of buckling mode and neglected
the elastic deformation of the membrane and tendons.
Recently, NASA has started to develop an Ultra Long Duration Balloon (ULDB) to support global scien-
tiﬁc observations above 99% of the earth’s atmosphere (Smith, 2004). These balloons are intended to carry
Fig. 1. Model balloon made by Taylor (1963).
Fig. 2. Inﬂated shape of Endeavour balloon with 64 lobes (courtesy of J. Nott).
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a pumpkin balloon design made of state of the art materials. Nevertheless, complex structural instabilities
have aﬀected the initial stages of this development (Schur and Jenkins, 2002), and this has led to small-scale
model studies to better understand this behaviour (Smith and Rainwater, 2004; Schur, 2004). A geometrically
nonlinear simulation of the instability of ULDB balloons, based on dynamic relaxation, has been developed
by Wakeﬁeld (2005). Selected results from this particular study will be used for validating some of the present
results. Also relevant to the present eﬀort are Baginski et al. (2005, 2006a,b).
In this paper we study the elastic buckling of pumpkin balloons made of linear-elastic ﬁlm attached to lin-
ear-elastic tendons which, prior to buckling, are assumed to have achieved their intended, symmetric shape.
Wrinkling of the ﬁlm is not modelled in our study, as most balloons are designed in such a way that they
become fully biaxially stressed at pressures much lower than the buckling pressure. A particular, and
6966 M. Pagitz, S. Pellegrino / International Journal of Solids and Structures 44 (2007) 6963–6986important feature of the present study is that we introduce a symmetry-adapted coordinate system which leads
to the global tangent stiﬀness matrix for the balloon in a very eﬃcient block-diagonal form. With this formu-
lation, the computation of the buckling pressure for a particular balloon design is reduced to computing the
eigenvalues of only a few blocks, and so we have been able to obtain results for a large number of diﬀerent
designs. Some important trends of the behaviour of this complex structure have thus become apparent.
The layout of the paper is as follows. Section 2 introduces the concept of pumpkin balloons and Section 3
deﬁnes the lobe cutting-patterns for the balloons that will be investigated. Section 4 sets up a ﬁnite-element
model of a single lobe, obtained by simulating the inﬂation of the lobe and then eliminating all internal degrees
of freedom by matrix condensation. Section 5 explains how the n-fold symmetry of the balloon is exploited to
greatly reduce the scale of the computations required. Section 6 gives the geometric and material properties of
the particular balloons that have been studied. Section 7 presents the stress distributions in the lobes, after
inﬂation but prior to buckling. Section 8 presents extensive results for the buckling pressures of balloons with
145 lobes, and evaluates the sensitivity of these results to small changes in the geometry and material proper-
ties of a balloon. The corresponding results for balloons with an arbitrary number of lobes are then presented
in Section 9. Section 10 studies the buckling of an 80 m diameter balloon with realistic material properties. An
interesting ﬁnding is that the same type of buckling mode that is critical for most small scale balloons is also
critical for the ﬂight balloon. Section 11 concludes the paper.
2. Construction of a pumpkin balloon
A pumpkin balloon consists of n identical lobes, Fig. 3. The surface of an inﬂated lobe is doubly curved,
and so it is not developable, however it would be impractical to make the lobes from non-ﬂat sheets, and so
each lobe is made from a ﬂat sheet of material according to a speciﬁed cutting pattern. The shape of the lobe is
most readily changed by altering its cutting pattern, but other eﬀects – such as material anisotropy, or pre-
strain applied before assembling the balloon – could also be exploited.
The structure is assembled by welding together neighbouring lobes. Stiﬀ tendons are attached along the
seams. As it is not possible to terminate the lobes directly at the apex points, end-ﬁttings are used. An end-
ﬁtting consists of a circular plate that seals the balloon, with an edge ring to which the tendons are attached.
The diameter of these end ﬁttings is determined by the space required to terminate the tendons.
The membrane of NASA ULDB’s is a linear low-density polyethylene (Rand et al., 1996) ﬁlm known as
StratoFilm. The tendons are made from a high-strength polymer ﬁbre known as PBO.
3. Lobe cutting patterns
A pumpkin balloon carries the diﬀerential pressure mainly through meridional action, by means of its ten-
dons, and so it can be shown that, as the number of lobes, n, becomes very large, the tendons tend to theFig. 3. Schematic drawing of 48 lobe pumpkin balloon.
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diﬀerential pressure, p, purely with meridional stresses (i.e., the hoop stress is zero everywhere).
The isotensoid was ﬁrst derived by Taylor (1963) using a direct equilibrium formulation and later by Paul-
sen (1994) and Mladenov and Oprea (2003) using variational calculus.
Unfortunately, there is no closed form solution for the isotensoid in terms of elementary functions, but it
can be expressed with the help of the elliptic integralyðxÞ ¼ 
Z x0
x
n2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x40  n4
q dn ð1Þ
where the y-axis goes through the apexes and x0 is the radius at the equator. See Pagitz et al. (2006) for a
numerical solution that makes use of standard Matlab (2006) functions.
Note that the pressure in the balloon is assumed to be uniform. Gravity-induced, pressure variation eﬀects
have been analysed by Baginski and Ramamurti (1995); they are generally small.
Fig. 4 shows a series of cross-sections of an inﬂated lobe; each cross-section is identiﬁed by the non-dimen-
sional arc length g 2 [1,1], measured along the tendons. The cross-sections are close to circular-arcs and
indeed it can be shown they become circular arcs for n!1.
A brief outline of the argument is as follows. Assuming the shape of the tendons to be given, the functional
that governs the shape of a particular cross-section of the lobe is given byF ðv; v0Þ ¼
Z w=2
w=2
qv v2 þ k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ v02
p
 W
w
  
dn: ð2Þwhere u,v is a local coordinate system for the lobe, see Fig. 4c, w is the chord length, and q is the radius cur-
vature of the tendons at the point where the shape of the lobes is being evaluated. Also, the arc-length of the
lobe’s cross-section isW, and k is a Lagrangian multiplier. It can be seen that the functional provides the equa-
tion of a circular-arc when n is large, as v becomes small.
To determine the cutting-pattern of the lobes we make two key assumptions:
• The tendon proﬁle follows the isotensoid;
• The cross-sections of the lobes are circular arcs.
Based on the ﬁrst assumption, it is possible to derive the chord-length, w(g), i.e., the distance between two
consecutive tendons, Fig. 4c, as a function of the tendon arc-length, by generating the cartesian coordinates of
two identical sets of points lying on meridians of the isotensoid, and rotating one set about the axis of theη= 1 Constant Radius Constant Angle
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Fig. 4. Cross-sections of an inﬂated lobe.
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Fig. 5. Cutting patterns for lobes with equal cross-section at the equator.
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of the balloon, which can be estimated by computing the volume of an isotensoid. This gives V  2:7458x30
where x0 is the radius of the tendons at the equator.
Two particular cutting-patterns for the lobes will be considered in this paper, the constant angle (CA) and
the constant radius (CR) cutting-patterns. Note that neither cutting pattern is in general optimal, however,
these are the cutting-patterns that have been considered for several ULDB’s and hence are of particular inter-
est for this study. A cutting-pattern is deﬁned by assigning the function W(g), which deﬁnes the variation of
the transverse width in terms of a longitudinal coordinate.
For a CA cutting-pattern the subtended angle aA is ﬁxed, henceW ðgÞ ¼ wðgÞaCA
2 sinðaCA=2Þ ¼
xðgÞaCA sinðp=nÞ
sinðaCA=2Þ : ð3ÞFor a CR cutting-pattern the radius rCR is ﬁxed, henceW ðgÞ ¼ 2rCR arcsin w gð Þ
2rCR
 
¼ 2rCR arcsin x gð Þ sinðp=nÞrCR
 
: ð4ÞNote that, given y(x) from Eq. (1), the corresponding expression of x(g) can be found by integration along the
curve.
Fig. 5 compares the resulting cutting-patterns for two balloons that have identical subtended angles and
radii at the equator. It can be seen that the CA cutting-pattern has a larger area than the CR design. Note
that the largest diﬀerence in width between the two patterns is for g  ±0.5.4. Numerical modelling
4.1. Finite element models
The simulations presented in this paper were all done with a purpose-made ﬁnite element program based on
Matlab (2006). The tendons were modelled with standard geometrically nonlinear two-node bar elements. For
the membrane we used geometrically nonlinear three-node triangular membrane elements based on Tabarrok
and Quin (1992). Wrinkling is not considered in the formulation, as in a linear material model there is no path
dependence between the original conﬁguration (with the lobes ﬂat and unstressed) and the inﬂated lobe, once
it is wrinkle free (at a suﬃciently high pressure). As it will be seen in Section 8, balloons that are of practical
interest tend to be wrinkle free in the pressure range at which they buckle.
The formulation of the tangent stiﬀness matrix for a structure subject to pressure loading has to take into
account the so-called load-stiﬀness matrix. However, following Schweizerhof and Ramm (1984) it should be
noted that, although the load-stiﬀness matrix of a single lobe is asymmetric, the global load-following stiﬀness
matrix of a complete balloon is symmetric. This is because for any structure subjected to pressure forces the
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tain criteria.
A simple explanation is that a balloon forming a closed envelope is a conservative system, as the energy of
the gas is related to changes in the enclosed volume and hence is independent of the path followed to achieve
any particular conﬁguration.
4.2. Inﬂated shape of a lobe
Since a pumpkin balloon consists of n identical lobes, a simple way of simulating its inﬂation is to assume
that the n-fold symmetry of the ﬁnal shape is maintained through all intermediate shapes. Hence, we can sim-
ulate the inﬂation by considering a single lobe whose boundary nodes are only allowed to move in two planes
forming an angle of 2p/n. Thus, the inﬂation of a lobe is simulated in three stages, as follows:
• discretised cutting pattern generated;
• boundary nodes moved to points lying on isotensoid proﬁles, in two meridional symmetry planes, and small
diﬀerential pressure applied;
• boundary nodes released, allowing them to move within the symmetry planes until equilibrium is reached.Fig. 6. Deﬁnition of lobe geometry; (a) tendons lying on isotensoid proﬁles in symmetry planes forming an angle 2p/n; (b) distance
between tendons increased to W(g), symmetrically with respect to lobe mid-plane; (c) resulting cutting-pattern.
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edge tendons and the cutting-pattern, lying on a cylindrical surface. The second sub-step discretizes the cutting
pattern, as shown in Fig. 7a. It should be noted that the mesh of the membrane has to be compatible along the
boundaries with the mesh adopted for the tendons. Also, for the symmetry transformation that will be
described in Section 5, all ﬁnite-element discretisations should be symmetric with respect to the equatorial
plane of the balloon and the mid-plane of the lobe.
The second stage of the inﬂation process moves the boundary nodes back to their original positions on iso-
tensoid proﬁles lying on the corresponding symmetry planes of the lobe, and simultaneously applies a small
diﬀerential pressure p on the membrane, to avoid a singular stiﬀness matrix. It should be noted that the ten-
dons are stress- and strain-free at this stage since they have returned to their original conﬁguration. The result-
ing forces on the tendons, due to the pressure load on the membrane, are carried by additional forces
introduced by Lagrangian multipliers that enforce the prescribed displacements. Fig. 7b shows the lobe at
the end of this process.
The third stage allows the tendons to move freely within the symmetry planes, in order to reach their equi-
librium conﬁguration while the shape of the lobe changes by a further, small amount. These shape changes are
usually small, because the isotensoid proﬁle is the shape of the tendons of pumpkin balloons with n =1. An
inﬂated lobe, in equilibrium after the third stage, is shown in Fig. 7c. The tendons from the second stage of the
computation are also shown in this ﬁgure, coloured in red for clarity. It should be mentioned that the diﬀer-
ences in this picture, drawn for n = 16, are far greater than those found in pumpkin balloons with a realistic
number of lobes.
Throughout this paper, the discretisations of the cutting-patterns are chosen such that they preserve the
symmetry properties described above. The subdivision is uniform along the tendons and the equator. The
width of the cutting-patterns is a function of n and so the number of elements along the tendons and the equa-
tor have to be varied in order to preserve an acceptable aspect ratio. Table 1 provides details on the discret-
isations used and the resulting total number of elements and nodes. For example, a balloon with n = 290 has
(290 · (1845  (180 + 1)) + 2) · 3 = 1,447,686 degrees of freedom (dofs).
4.3. End ﬁttings
The end-ﬁttings have a signiﬁcant eﬀect on the stability of the balloon and so it is necessary to take them
into account for the numerical simulations. It would be natural to model them as stiﬀ circular plates, usingFig. 7. Cutting-pattern inﬂation: (a) discretisation of cutting-pattern; (b) application of diﬀerential pressure p and movement of nodes
back to symmetry planes; (c) ﬁnal state of equilibrium.
Table 1
Properties of discretised cutting patterns
n 16–48 64–96 112–145 290
Elements along tendons 100 116 134 180
Elements at equator 30 24 20 16
Number of elements 3460 3216 3072 3328
Number of nodes 1831 1725 1671 1845
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lab program, they were modelled using bar and membrane elements.4.4. Lobe superelements
Superelements are groupings of ﬁnite elements that, upon assembly, may be considered as an individual
element (Zienkiewicz et al., 2005). Since each balloon consists of n equal lobes, each lobe is deﬁned as a super-
element where all interior, i.e., non-boundary, nodes are eliminated by static condensation. An advantage of
modelling the lobes as single elements is that the size of the lobe stiﬀness matrix decreases considerably, but an
even greater advantage is that the symmetry transformation is simpler if only boundary nodes are considered.
In this case, it is possible to apply the transformation matrices of Pagitz and James (2007) without any
modiﬁcations.
If the degrees of freedom are partitioned according to interior and boundary nodes, with subscripts i and b
respectively, then it is possible to write the stiﬀness matrix for a lobe in the formKbb Kbi
Kib Kii
 
ub
ui
 
¼ fb
f i
 
ð5Þwhere ub, fb and ui, fi are the vectors of nodal displacements and force components along the boundary and
interior nodes, respectively.
The condensed form of Eq. (5) iseKbbub ¼ ef b ð6Þ
whereeKbb ¼ Kbb  KbiK1ii Kib ð7Þef b ¼ fb  KbiK1ii f i ð8Þ
ui ¼ K1ii ðf i  KibubÞ: ð9ÞIn the following Ksup is used, to denote eKbb transformed to the global cartesian coordinate system for the bal-
loon and written as a global stiﬀness matrix.
Note that in a geometrically nonlinear situation Ksup has to be recomputed every time the geometry is
updated and also, to fully capture the eﬀects of the pressure load, at every diﬀerential pressure p for which
the stability of the balloon is analysed.5. Block-diagonalised stiﬀness matrix
Pumpkin balloons belong to the Dnh symmetry group. This is the group of prismatic symmetry, which
means that it has n-fold rotational symmetry about a vertical axis, two-fold symmetry about a horizontal axis,
and reﬂection symmetry with respect to a horizontal plane. The resulting symmetries are illustrated in Fig. 8
for the case of a 16 lobe pumpkin balloon (D16h).
Note that for a balloon to have a horizontal symmetry plane, the pressure p has to be uniform, and hence
the inﬂuence of gravity has to be negligibly small. With this assumption, this symmetry will be exploited by
Fig. 8. Symmetry planes and rotation axes of pumpkin balloon with 16 lobes; (a) n-fold rotation axis; (b) horizontal mirror plane; (c) n
two-fold axes perpendicular to principal axis; (d) n vertical mirror planes.
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diagonal matrix.
Pagitz and James (2007) have obtained such transformations from direct geometric arguments. In the case
of Dnh symmetry, they have shown that a symmetry-adapted coordinate system consists of a series of vectors
that vary, with frequency increasing from 0 to the largest integer not greater than n/2, with rotation about the
axis of n-fold symmetry.
For any frequency, k, there are nk sets of vectors, whose components in the global cartesian coordinate sys-
tem of the balloon provide a symmetry transformation matrix for that particular frequency. Here we present a
qualitative description of how one ﬁnds such transformation matrices; for full details readers are referred to
Pagitz and James (2007).
The ﬁrst step in obtaining these vectors is to consider three vectors, one along the axis of n-fold symmetry
and two perpendicular to it (in radial and circumferential directions) and to consider their polar variation with
frequency k. Then, each ﬁeld is sampled at angles of 2p/n to obtain n vectors.
Fig. 9a–b shows an example where ﬁelds of radial vectors are sampled three times (n = 3). For this example,
there are three sets of 0-frequency vectors and six sets of 1-frequency vectors, shown in Fig. 10. Note that the
ﬁrst two of the 0-frequency vectors have been separated from the third by a vertical line because it can be
shown that the third set of vectors is fully decoupled form the ﬁrst two. Also note that the sets in the row
labelled with a grey square can be obtained from those in the row with the black square by rotating the ori-
ginal polar ﬁeld through an angle / that is equal to 90 for 1-frequency, as demonstrated in Fig. 9c. These
rotated vectors deﬁne modes with repeated eigenvalues.
Once these sets of vectors have been obtained, for the n corresponding points along a single orbit, one con-
siders all possible combinations of these orbital vectors, for the various orbits that describe the nodes of the
structure. This will lead to nk columns of our transformation matrix (after normalization), each with dimen-
sion equal to the total number of degrees of freedom of the structure, nDOF.
Consider for example the pin-jointed structure shown in Fig. 11 whose members lie on the edges and faces
of a triangular prism. This structure has D3h symmetry and its nodes lie on two orbits, i.e., the top and bottom
triangles. There are four diﬀerent ways of combining the vectors that have been deﬁned for a single orbit; they
are shown in Fig. 12 as four separate rows. Note that the rows labelled with a black square and a grey square
contain vectors where both sets of orbital vectors are symmetric with respect to the horizontal symmetry
plane, whereas the rows labelled with split squares are anti-symmetric.
Let Tk be the nDOF · nk symmetry transformation matrix for the k-frequency. The corresponding block, Kk,
of the overall stiﬀness matrix, nk · nk, for the balloon can be obtained with the help of a matrix, that rotates a
lobe about the axis of n-fold symmetry through an angle 2p/n. The rotation matrix for the j-th lobe will be
denoted by Rj. Therefore,Kk ¼
Xn1
j¼0
TTk ððRjÞTKsupRjÞTk ð10Þ
a φ = 90ob c
Fig. 9. Sampling of a polar vector ﬁeld with (a) 0-frequency and (b) 1-frequency; (c) sampling of 1-frequency ﬁeld shown in (b) after
rotation through 90.
frequency = 0 frequency = 1
Fig. 10. Perspective views of vectors for 3-fold symmetry.
Fig. 11. Example structure with symmetry D3h.
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the whole group fromKsup ¼
X
ðRjÞTKsupRj ð11Þ
and then apply the symmetry decomposition to this group of lobes.
The outcome is block k of the overall stiﬀness matrix and the analysis could be repeated, of course, for all
k’s to obtain the full block-diagonalised matrix. Fig. 13 shows the stiﬀness matrix for the structure of Fig. 11.
Note that for each frequency there are in general four blocks, each corresponding to sets of vectors with one
particular label.
A general advantage of setting up the global stiﬀness matrix for a balloon in the block-diagonal form
described above is that the computation of its eigenvalues and eigenvectors is reduced to that of its blocks.
However, the advantage for the present study is even greater because, as we will see in Section 8, the critical
eigenvectors of most balloons correspond to the frequency k = 4 and so only a small number of blocks need to
be analysed.
6. Balloon geometry and material properties
We will investigate many small-scale balloons, whose geometry is deﬁned under Model Balloons in Table 2,
as well as a ﬂight-size balloon that encloses a volume of about six million cubic feet (6mcf), whose properties
are deﬁned under Flight Balloon in the table.
frequency = 0 frequency = 1 
Fig. 12. Symmetry-adapted coordinates for triangular prism.
a
f=0
f=1
b
Fig. 13. 18 · 18 Stiﬀness matrix of structure in Fig. 11 using (a) standard cartesian coordinate system and (b) symmetry adapted
coordinates.
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StratoFilm is both anisotropic and visco-elastic (Rand et al., 1996), hence the modulus given in the table is a
secant modulus that allows for 100 s creep at a constant stress of 4 MPa, at a temperature of 20 C. The nota-
tion that will be used in the following to describe the geometric properties of each particular balloon is shown
in Fig. 14.
7. Stress distribution
A drawback of using developable cutting patterns is that the membrane experiences high strains due to the
incompatibility between the initial developable surface and the doubly curved shape taken up by the lobe when
the balloon is pressurized. These undesirable strains occur at rather small pressures, and have their maximum
at the centre of the lobes, where the Gaussian curvature reaches its largest value.
Table 2
Geometric properties of balloons
Model balloons Flight balloon
Number of lobes, n 16–145 290
Total height 5.99 m 47.92 m
Radius of tendons at equator, x0 5.00 m 40.00 m
Total length of tendons 13.11 m 104.88 m
Cutting pattern CA and CR CR
Lobe subtended angle at equator 118 105
Radius of end-ﬁttings 0.29 m 0.70 m
Table 3
Material properties of balloons
Model balloons Flight balloon
Young’s modulus of ﬁlm, Em 138.70 MPa 214.00 MPa
Poisson’s ratio of ﬁlm, m 0.566 0.450
Thickness of ﬁlm 0.038 mm 0.048 mm
Axial stiﬀness of tendons, EtA 170 kN 540 kN
No. lobes - Cutting pattern - Angle subtended - Balloon diameter - End-fitting radius
(CR or CA) (in deg.) (in m)    (in mm)
Fig. 14. Notation for geometric properties of balloons.
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imposing strains on the membrane (Calladine, 1983)K ¼  o
2ey
ox2
þ o
2cxy
oxoy
 o
2ex
oy2
ð12ÞFurthermore, for small diﬀerential pressures compressive strains occur in the transverse direction of the lobes
and so wrinkles form in a direction parallel to the tendons. These wrinkles disappear at higher pressures.
Simulating the inﬂation of a single lobe using the technique in Section 4.2 one ﬁnds that the maximum stres-
ses occur at the equator. By symmetry, these principal stresses are aligned with the longitudinal and transverse
directions of the lobe. The variation of these maximum principal stresses with pressure is plotted in Fig. 15.
The ﬁrst thing to note is that both stress components are non-zero. The plot also shows that: (i) the var-
iation of the transverse stress is linear; and (ii) the variation of the longitudinal stress is approximately bilinear.
For small diﬀerential pressures the longitudinal stress increases at a much higher rate than the transverse
stress. Because initially the lobe is not allowed to bulge out, its curvature in the transverse direction is very
small and so most of the pressure load has to be carried longitudinally. However, because the longitudinal
curvature is relatively small, high stresses are induced even by relatively small pressure increases. Smaller
transverse stresses gradually develop in the lobe and at a pressure of around 380 Pa the lobe is fully in tension.
These large longitudinal stresses are accompanied by large longitudinal strains, which allow the lobe to
form the required bulge. The formation of the bulge can be better understood with reference to Fig. 16, which
plots the deﬂection d at the centre of the lobe vs. the pressure p. Note that at around 800 Pa the deﬂection
reaches the value corresponding to the cutting pattern design.
Once the wrinkles have disappeared, most of the additional pressure increase is carried by the hoop stress in
the lobe. However, the longitudinal stress does not remain constant. Instead, it continues to increase linearly
but now at a rate of about two thirds of the transverse stress. This is largely because the lobe is not allowed to
develop longitudinal strain due to the constraint imposed by the stiﬀ tendons. Setting the longitudinal strain
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Fig. 15. Maximum transverse and longitudinal stresses in 145CR118-10-290 balloon.
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Fig. 16. Central lobe deﬂection for 145CR118-10-290 balloon.
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eﬀect of the pressure load.
Fig. 17 shows contour plots of the ﬁrst and second principal stresses of 145CR118-10-290 and 145CA118-
10-290 lobes for several values of p. Note that only one quarter of each lobe is shown for each pressure and
balloon design. Also note that the ﬁrst (major) principal stress is in the transverse or longitudinal direction
depending on the balloon design and pressure applied. An analysis of the forces in the tendons shows that
they are proportional to the diﬀerential pressure p and remain nearly uniform over their whole length.
The maximum and minimum principal stresses are nearly identical for CA and CR designs, the two designs
being identical at the equator, the material utilisation of a CA design is worse as there are lower average stres-
ses in the membrane.
An important question in the analysis of the stability of pumpkin balloons is if one needs to worry about
the eﬀect of the wrinkles in the membrane. It has been shown in this section that, due to the low Young’s mod-
ulus of the membrane, there are no wrinkles for diﬀerential pressures ’380 Pa, as the longitudinal strains in
the lobes are large enough to generate a doubly curved surface. Therefore, the buckling pressure is higher than
the pressure at which wrinkles disappear and hence it can be argued that the wrinkles will not aﬀect the critical
pressure.
8. Buckling of balloons with 145 lobes
This section presents the results of our analysis of pumpkin balloons with 145 lobes. Three diﬀerent designs
are considered, namely 145CA118-10-290, 145CR118-10-0 and 145CR118-10-290.
σ1 σ1 σ1 σ1 σ1σ2 σ2 σ2 σ2 σ2
p (Pa) 500 1,000 1,500 2,000 3,000
CA
lobe
CR
lobe
2
4
12
10
8
6
[MPa]
Fig. 17. Major (r1) and minor (r2) principal stresses for 145CR118-10-290 and 145CA118-10-290 balloons, plotted on underformed lobe
cutting-pattern (width magniﬁed ﬁve times).
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mesh density, etc. we will use the external work required to deform each balloon into the shape of any par-
ticular eigenvector, scaled such that the maximum nodal displacement has been set to 1 mm, as a measure
of the stability of each structure. Since for any given mesh the nodal forces required to deform the structure
are obtained as the product of the eigenvalue times the scaled eigenvector, the corresponding external work is
given by half the eigenvalue multiplied by the square of the norm of the scaled eigenvector.
Fig. 18 shows the two modes that have turned out to be of particular importance for most balloons. These
modes are referred to as i-up-i-down in the following, where i is the number of circumferential waves in the
balloon.
8.1. Critical pressure
A plot of the variation of the external work for the ﬁrst four eigenvalues of a 145CA118-10-290 balloon,
excluding rigid-body modes, is shown in Fig. 19. It can be seen that the balloon is unstable even for very small
pressures; the ﬁrst negative eigenvalue corresponds to a 3-up-3-down mode. Therefore, inﬂating this balloon
into the desired shape is impossible.
When a balloon with this design was inﬂated, it never took up its intended, axi-symmetric shape. The ﬁnal
equilibrium shape that was observed in the test is shown in Fig. 20. Note that this observed shape resembles
the 3-up-3-down buckling mode shown in Fig. 18a although, of course, a full post-buckling simulation (Xu
and Pellegrino, in preparation) would be required to actually simulate the distorted shape of Fig. 20.
The same study has been carried out for a CR balloon with similar characteristics, but initially without the
end ﬁttings. Fig. 21 shows a plot of the variation with pressure of the external work required to deform a
145CR118-10-0 balloon into the normalised shape of its four most critical eigenvectors. It can be seen that
for small diﬀerential pressures all eigenvalues are positive and the initial rate of increase of the eigenvalues
is higher for larger mode numbers. At a pressure of p  3040 Pa the eigenvalue which is associated with
the 4-up-4-down mode becomes zero and the balloon buckles.
Fig. 18. Modes of a 145CR118-10-290 balloon; (a) 3-up-3-down; (b) 4up4down.
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Fig. 19. Stability analysis of 145CA118-10-290 balloon.
Fig. 20. Inﬂated 145CA118-10-290 balloon showing one cleft from top to bottom; two more clefts are not visible (courtesy of NASA).
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change. The variation with pressure of the work to deform a 145CR118-10-290 balloon is shown in
Fig. 22. As in the case of the 145CR118-10-0 balloon, the critical buckling mode is 4-up-4-down. Due to
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Fig. 21. Stability of 145CR118-10-0 balloon (without end-ﬁttings).
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Fig. 22. Stability of 145CR118-10-290 balloon (with end-ﬁttings).
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pared to a balloon without end-ﬁttings. For the same balloon, Wakeﬁeld’s simulation showed the ﬁrst signs
of instability at 3450 Pa (Wakeﬁeld, 2005).
If the results of the stability analysis of 145CA118-10-290 and 145CR118-10-290 balloons are compared, it
becomes clear that the change in cutting pattern has a signiﬁcant impact on the stability of the balloon. Hence,
because a CA cutting-pattern has comparable maximum stresses to a CR design at the same pressure, it can be
concluded that CR designs are superior to CA designs.
An implication of this result is that the accuracy with which the lobes are manufactured is crucial to the
buckling pressure of the balloon, as the addition of a relatively small amount of material, could transform
a CR design into a CA design, Fig. 5, and thus lower the buckling pressure.
Finally, Fig. 23 shows the critical pressures of a 145CR118-10-290 balloon for diﬀerent frequencies i. It can
be seen that the critical mode is found by searching for a value of i such that both i  1 and i + 1 have larger
buckling pressures. This consideration enables us to restrict greatly the number of blocks of the stiﬀness matrix
of the balloon that need to be analysed.
8.2. Sensitivity analysis
Balloon designers need to know how changes in the material parameters will aﬀect the buckling pressure
pcrit of a given balloon. As part of this study we will also determine the sensitivity of pcrit to a change in mesh
density.
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Fig. 23. Buckling pressures of 145CR118-10-290 balloon for eigenvectors with diﬀerent wave numbers.
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son’s ratio, m, of the membrane as well as the stiﬀness of the tendons, EAt, and the lobe discretisation.
It becomes obvious from Fig. 24a that, compared with all of the other material parameters, Em has the larg-
est inﬂuence on the buckling pressure. Reducing Em by 10% results in a decrease of the buckling pressure by
14%. The main reason is that a smaller modulus leads to larger strains in the cutting-pattern for the same0 1,000 2,000 3,000 4,000
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Fig. 24. Sensitivities of work required to deform 145CR118-10-290 balloon, to material parameters and mesh density. See legend of
Fig. 22 for explanation of line styles.
M. Pagitz, S. Pellegrino / International Journal of Solids and Structures 44 (2007) 6963–6986 6981diﬀerential pressures p. Therefore, the subtended angle of the lobes increases and so the buckling pressure
decreases.
A similar eﬀect can be observed if the Poisson’s ratio m of the membrane is decreased, Fig. 24b. Since the
strains in longitudinal and transverse direction are coupled by the Poisson’s ratio, decreasing m increases the
strains in the transverse direction. Therefore, the subtended angle becomes larger and the buckling pressure
smaller. Reducing m by 10% decreases the buckling pressure by 9%.
The tendon stiﬀness EtA is an exception, since reducing EtA by 10% increases the buckling pressure by 3%,
Fig. 24c. The reason is that an elongation of the tendons increases the width of the lobes; therefore the sub-
tended angle decreases and the stability of the balloon increases. However, this increase in stability is accom-
panied by an increase in the stress levels, due to the smaller curvature in the transverse direction and the
additional elongation of the cutting-pattern in longitudinal direction.
Conversely, increasing EtA has the eﬀect of reducing the buckling pressure. This counterintuitive result is an
illustration of a theorem, proved by Tarnai (1980), on the destabilising eﬀects of adding material/stiﬀness in a
direction orthogonal to the critical eigenvector.
Finally, Fig. 24d shows the sensitivity of the buckling pressure to the mesh density. Reducing the number of
ﬁnite elements at the equator by 20%, and proportionally along the meridian, results in a decrease of the buck-
ling pressure by only 0.2%. This leads to the conclusion that the discretisation used in the present study is ﬁne
enough to give acceptable results.
9. Buckling of balloons with n lobes
This section investigates the dependence of the buckling pressure on the number of lobes n. Increasing the
number of lobes is one of the ways in which one can decrease the membrane stresses in a pumpkin balloon that
has to resist a given pressure.
9.1. Critical pressure
Figs. 25 and 26 show plots of the buckling pressure of nCA118-10-290 and nCR118-10-290 balloons,
respectively. It can be seen that the stability of both balloons increases exponentially when the number of lobes
is decreased. The buckling pressures of the nCA118-10-290 balloons remain very low for a large range of n; the
critical mode changes from 4-up-4-down to 3-up-3-down for n ’ 96. Recall that the lobe has wrinkles for
p~ 380 Pa. Since these wrinkles are not modelled in the presented simulations (and so the lobes are allowed
to carry compressive stresses) the buckling pressures in the wrinkled regime will be overestimated.20,000
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Fig. 25. Buckling pressures of nCA118-10-290 balloons.
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Fig. 26. Buckling pressures of nCR118-10-290 balloons.
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balloons. Furthermore, there is no crossing of critical modes, so the balloons generally buckle into a 4-up-4-
down mode.
For both types of balloon designs it is found that for small n’s the buckling mode has a diﬀerent shape.
Unlike the i-up-i-down modes, which break the horizontal symmetry of the balloon, these new modes preserve
its horizontal symmetry. They consist of regions where the lobes contract circumferentially, alternating with
regions where the lobes expand, as shown in Fig. 27. In the following these modes are denoted as i-big-i-small.
Actually these modes are mainly of academic interest, since they are only relevant for balloons with a small
number of lobes, which buckle at unrealistically high pressures.
It is interesting to re-plot Figs. 25 and 26 using log-axes, as shown in Fig. 28.
The variation of the buckling pressure is practically linear for the CR balloons, although less so for the CA
balloons. Since CR designs have already been shown to be of greater practical interest, only this design will be
investigated further.
Since the relationship between the buckling pressure pcrit and the number of lobes n is linear in a log–log
plot, they are related by a power lawpcrit ¼ ank ð13ÞFig. 27. 2-big-2-small mode of 32CR118-10-290 balloon.
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Fig. 28. Buckling pressures of nCA118-10-290 and nCR118-10-290 balloons. (a) CA, (b) CR, (c) legend.
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tern and the material parameters. For nP 64, the buckling pressure, in Pa, of nCR118-10-290 balloons can be
expressed aspcrit ¼ 6:2917n1:2733 ð14Þ9.2. Sensitivity analysis
We have determined, as in Section 8.2, the sensitivity of the buckling pressure of nCR118-10-290 balloons
on the material parameters, and the results are summarized in Fig. 29.
The general trends are unchanged from the 145CR118-10-290 balloon: decreasing the Young’s modulus Em
or the Poisson’s ratio m of the membrane also decreases the buckling pressure, whereas decreasing the tendon
stiﬀness EAt increases the buckling pressure. The reasons have already been explained in Section 8.2.4-up-4-down
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Fig. 29. Sensitivity of buckling pressure of nCR118-10-290 balloons.
Table 4
Parameters a and k for sensitivities of nCR118-10-290, for 4-up-4-down mode
Standard 10% EAt 10% Em 10% m
a 6.2917 6.4033 6.1650 6.1180
k 1.2733 1.3186 1.2421 1.2111
6984 M. Pagitz, S. Pellegrino / International Journal of Solids and Structures 44 (2007) 6963–6986Again, for nP 64 a linear interpolation of the log–log plot for each modiﬁed design provides a good
approximation to the computed results. The power-law parameters a and k for each case are presented in
Table 4.
10. Flight-size balloons
So far only small scale balloons, with a diameter of 10 m, have been considered, but the buckling pressures
remain unchanged for balloons of any size, provided that the stiﬀness of the membrane is scaled linearly and
the stiﬀness of the tendons quadratically with the diameter of the balloon. This is due to the fact that, for a
ﬁxed diﬀerential pressure p, the forces in the membrane vary linearly with the diameter and those of the ten-
dons quadratically, if the number of lobes is held constant.
However, the 80 m diameter ﬂight-size balloon described in Section 6 is not a scaled version of the 10 m
balloons. Hence, we have repeated the whole analysis for the ﬂight balloon with the geometry described in
Table 2 and the material properties given in Table 3. The discretisation used is summarised in the last column
of Table 1. It should be noted that the largest diﬀerence between the ﬂight balloon and the experimental bal-
loons considered so far, is that the relative stiﬀness of the tendons is much smaller. Also, the subtended lobe
angle at the equator is reduced to 105.
Fig. 30 shows the external work, again as a function of the diﬀerential pressure p. It can be seen that the
critical pressure is p = 734 Pa, corresponding to a 4-up-4-down mode.
An additional analysis shows that the sensitivity of the buckling pressure to the axial stiﬀness of the tendons
is considerably greater for this ﬂight balloon. A decrease of the axial stiﬀness of the tendons by 10% results in
an increase of buckling pressure by 15%. In the case of the small scale balloons it was only 3% since the ten-
dons had a relatively high stiﬀness.
It is also interesting to note that if the tendons are prestressed before being welded to the membrane, to
reduce the maximum stress in the ﬁlm induced by the diﬀerential pressure, the buckling pressure decreases.
For example, an initial elongation of the tendons e0 = 0.3% decreases the buckling pressure to about 623 Pa.3-up-3-down
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Fig. 30. Stability of 290CR105-80-700 ﬂight balloon.
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The ﬁrst part of this paper has explained the design of pumpkin balloons, whose shape is closely related to
that of the isotensoid surface. Two diﬀerent ways of designing the cutting pattern for the (initially ﬂat) lobes
have been introduced; they are both based on simple geometric considerations. Speciﬁcally, they aim to pro-
vide in the inﬂated conﬁguration lobes of either constant subtended angle (CA) or constant transverse radius
of curvature (CR). For lobes that are identical at the equator, the CA design requires larger surface area.
The second part of the paper has introduced a ﬁnite-element modelling technique to compute the buckling
pressure of a pumpkin balloon with n identical lobes. The key feature of this model is that the tangent stiﬀness
matrix for the whole balloon is derived in block-diagonal form (in fact, in most cases only a few blocks of this
matrix actually need to be computed), by exploiting the Dnh symmetry of the balloon and treating each inﬂated
lobe as a single superelement. The way in which the symmetry transformation matrices can be derived for any
n has been explained in an intuitive way.
The third part of the paper has shown that CA and CR balloon designs, with identical lobe radii and sub-
tended angles at the equator, have equal maximum stress; however, in the CR design the stress distribution is
more uniform. In both designs the lobes carry a large longitudinal stress, due to Poisson’s ratio eﬀects. Also,
since the lobes tend to form longitudinal wrinkles initially, small pressures are carried mainly longitudinally by
the lobes and so, until some threshold pressure has been reached, the longitudinal stress is actually bigger than
the transverse stress.
This behaviour is more complex than the previously suggested, purely equilibrium-based descriptions of the
load-carrying mechanisms in pumpkin balloons, which have led to the erroneous conclusion that the longitu-
dinal stress is mainly associated with bulging of the lobes.
The ﬁnal part of the paper has presented an extensive study of the buckling pressure, pcrit, of 10 m diameter
balloons, whose lobes subtend an angle of 118 at the equator. The key results are that for the geometric and
material properties considered the CA design has pcrit  0 and so is hopelessly unstable. Calladine (1988) has
shown that the stability of this design is improved, and so pcrit would be expected to increase, for balloons with
smaller aCA.
The CR designs that have been considered are more stable. For suﬃciently large n, they were found to
buckle in a mode that forms four circumferential up-and-down waves, and the buckling pressure was found
to decrease with an inverse power-law of the number of lobes. The sensitivity of the buckling pressure to
changes in material parameters is as follows: increasing the Young’s modulus and/or Poisson’s ratio of the
membrane has the eﬀect of increasing the buckling pressure, but increasing the axial stiﬀness of the tendons
has the eﬀect of decreasing the buckling pressure. Also, increasing the diameter of the end ﬁtting has the eﬀect
of increasing the buckling pressure of the balloon. These results have been found to be valid also for a speciﬁc
ﬂight balloon, with 290 lobes and 80 m diameter.
The decrease in the buckling pressure when the axial stiﬀness of the tendons is increased is a counter-intuitive
result. However, it can be explained in terms of the shape of the lobe becoming ﬂatter when the tendons stretch,
and so stiﬀer tendons would result in lobes with a greater bulge, which in turnwouldmake the balloon less stable.
In concluding, we remind the reader that throughout this paper it has been assumed that the starting con-
ﬁguration of the balloon is the perfect, i.e., n-fold symmetric shape. A separate question, which still remains to
be addressed, is whether a particular balloon will ever reach this conﬁguration. Readers interested in such mat-
ters are referred to Baginski and Brakke (1998). Finally, in our study we have focussed on buckling-type fail-
ure modes however, depending on the design details of a particular balloon, including its size and material
properties, other failure modes (such as seam failure, membrane reaching its strength/ductility limit, excessive
distortion due to material nonlinearities, etc.) may in fact be triggered at a lower pressure than the critical
buckling pressure.
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